Abstract--In a way similar to the string-to-string correction problem we address time series similarity in light of a timeseries-to-time-series-correction problem for which the similarity between two time series is measured as the minimum cost sequence of "edit operations" needed to transform one time series into another. To define the "edit operations" we use the paradigm of a graphical editing process and end up with a dynamic programming algorithm that we call Time Warp Edit Distance (TWED). TWED is slightly different in form from Dynamic Time Warping, Longest Common Subsequence or Edit Distance with Real Penalty algorithms. In particular, it highlights a parameter which controls a kind of stiffness of the elastic measure along the time axis. We show that the similarity provided by TWED is a potentially useful metric in time series retrieval applications since it could benefit from the triangular inequality property to speed up the retrieval process while tuning the parameters of the elastic measure. In that context, a lower bound is derived to link the matching of time series into down-sampled representation spaces to the matching into the original space. Empiric quality of the TWED distance is evaluated on a simple classification task. Compared to Edit Distance, Dynamic Time Warping, Longest Common Subsequence and Edit Distance with Real Penalty, TWED has proved to be quite effective on the considered experimental task.
I. INTRODUCTION
ore and more computer applications are faced with the problem of searching large datasets for time series which are close to a given query element under some similarity criteria.
Financial and stock data analysis [40] , moving objects identification [4] , astronomy [29] , medicine [20] , meteorology, data mining [1] , time-stamped event data processing [39] , network monitoring [30] are but a few of the numerous examples that could be cited.
All these applications embed time series in a representation space and exploit some similarity measure defined for this space. Similarity measures fall basically into three categories:
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Distance (ED) and Correlation,
• Elastic similarity measures that tolerate time shifting, but are not metrics such as Dynamic Time Warping (DTW) [36] , [34] or Longest Common Subsequence (LCSS) [6] , [37] .
• Elastic metrics that tolerate time shifting, such as Edit distance with Real Penalty (ERP) [5] .
When considering time series information retrieval, working in a metric space can be appealing, because a lot of data structures (essentially tree-based structures) and algorithms (partitioning, pivoting, etc.) have been optimized and made available for efficiently indexing and retrieving objects in metric spaces: see [3] for a review. All these structures and algorithms take advantage of the triangle inequality which allows for the efficient pruning of a large number of time series which are too far away from the query. For some non-metric measures, all these data structures can still be used if a lower bounding approximation, which needs to be a metric, is available. A lower bound of the sort exists for both LCSS and DTW as detailed in [37] .
Further more, the need for processing time-stamped data (event data or data that are not sampled coherently) is becoming particularly significant [39] [30] in stock analysis, network monitoring, fault analysis, etc.
In this paper we address the case of elastic metrics, namely elastic similarity measures that jointly exploit time shifting (measured using timestamps or sample indices) and possess all the properties of a distance, in particular the triangle inequality. Our contribution is basically four folded:
• The first contribution of this paper is the proposal of new elastic metric which we call TWED ("Time Warp Edit Distances"). This contribution has to be placed in the perspective of former works that seek to combine Lp-norms with the edit distance, in particular in the light of the ERP distance [5] that can support local time shifting while being a metric. Other elastic similarity measures that belong to the Dynamic Time Warping category are not metrics since they do not satisfy the triangle inequality. Part II of the paper promotes the need for triangle inequality to process time series in a data compression context based on a down sampling perspective.
• The second contribution is related to the introduction of a parameter we call stiffness which controls the elasticity of TWED, placing this kind of distance in between the Euclidian distance (somehow a distance with 'infinite stiffness') and DTW (somehow a similarity measure with no 'stiffness' at all). One of the differences between TWED and former similarity measures is the use of time stamp differences between compared samples as part of the local matching costs. The motivation for such a characteristic is also given in part II of the paper.
• The third contribution proposes a lower bound for the TWED measure which allows one to link the evaluation of the matching of two time series into down-sampled representation spaces to the evaluation of their matching into their original representation spaces.
• The fourth contribution of the paper is an empiric evaluation of the quality of TWED based on a simple classification experiment that provides some highlights on the effectiveness of TWED compared to the Euclidian Distance (ED), DTW, LCSS and ERP.
The influence of the stiffness parameter on classification error rates is also analyzed.
The paper is organized as follows. Section II addresses the motivation aspects. Section III briefly presents the main relevant founding works on elastic distances for time series matching. Section IV details the definition and implementation of the Time Warp Edit Distance with stiffness adjustment that is proposed in this paper. Section V details a lower bounding procedure we suggest to speed up range queries processing. Section VI describes a classification experiments that shows the empirical effectiveness of TWED comparatively to the Euclidian distance and other classical elastic measures. Section VII concludes the paper and proposes some perspectives.
II. MOTIVATION FOR A SIMILARITY MEASURE THAT VERIFIES THE TRIANGLE INEQUALITY AND TAKES TIMESTAMP DIFFERENCES INTO ACCOUNT
The use of elasticity theory to model the behaviour of non-rigid curves, surfaces, and solids as function of time has given rise to a lot of applications in medical image analysis, vision or computer graphics (see [35] [27] for surveys). These models are fundamentally dynamic and unify the description of shape and the description of motion. In another hand, elastic distances have been proposed to define similarity measures that are tolerant to object deformations, in particular stretching or shrinking. Although the analogy with physical models of deformable objects makes sense, we do not extend it too far since, in the physical sense, the laws that should govern the matching of deformable object are not always available or costly to cope with.
Our motivation for using time stamps (or sample indices) is related to the way we want to control the elasticity of the measure. Differences of indices between match samples have been successfully used to improve elastic measures such as Dynamic Time Warping [34] or Longest Common Subsequence measures [11] . The general idea is to limit the elasticity of the measure by using a threshold: if the index difference between two samples that are candidates for a match is lower than the value of the threshold, then matching is allowed, otherwise it is forbidden. This binary decision might, in some cases, limit the effectiveness of the measure. Keeping in mind the mechanical analogy of a spring (for which the deformation effort is proportional to the stretching or the shrinking), instead of using a threshold we suggest using the range of the sample index difference to linearly penalize the matching of samples for which the index values are too far and to favor the matching of samples for which the index values are close. In the case where time series are sampled using non uniform or varying sampling rates one can benefit from time stamps instead of sample indices since this approach does not require resampling of the data.
The second motivation for defining a measure that exploits time stamps (or sample indices) while verifying the triangle inequality is two folds: first, it provides an effective solution for comparing approximated representations of time series, but not necessarily by using uniform down-sampling methods; second, it establishes a useful relationship between the matching performed in the down-sampled space and the matching performed in the original space.
Approximation of multi dimensional discrete curves has been widely studied [7] [13] [31] essentially to speed up the data processing required by resource demanding applications. Among other approaches, polygonal approximation of discrete curves has been quite popular recently [31] [17] . The problem can be informally stated as follows: given a digitized curve X of N ≥ 2 ordered samples, find K (in general K<<N) dominant samples among them that define a sequence of piecewise linear segments which most closely approximate the original curve. This problem is known as the min-ε problem [12] . Numerous algorithms have been proposed for over thirty years to solve this optimization problem efficiently. Most of them belong either to graphtheoretic, dynamic programming or to heuristic approaches. See for instance [13] [31] [17] [24] among others for details.
Such approaches can be used to adaptively down sample time series. For instance, in [24] polygonal curves approximations have been used to down sample gesture signals optimally and in [24] an elastic matching procedure has been proposed to compare two time series with a linear time complexity. For these approaches, a down sampled time series is a reduced sequence of tuples (sample, time stamps) that corresponds to the end extremities of the polygonal segments.
The sampling rate for such down-sampled time series is not generally uniform in.
Down sampling time series can be used to drastically reduce the dimension of the space in which we could potentially process the time series. Nevertheless, one difficulty emerges: how can we compare down-sampled time series using non uniform (e.g. varying) sampling frequencies? Not taking into account the occurring time of the samples could introduce discrepancies between the original space and the down-sampled space. For instance, phase or frequency information is potentially lost or at least damaged, as well as the slope of spikes.
In this context, the triangle inequality is also of great importance since it maintains distance relations between the original space and the down-sampled space. Let X and Y be two time series in the original space and X and Ỹ their down-sampled counter parts. If δ is a measure for which the triangle inequality holds, then we have: 
This lower bound can be used to significantly speed up the time series information retrieval process since a pruning strategy can be proposed in the down-sampled space. We will come back to this issue in section V.
III. ELASTIC SIMILARITY IN LIGHT OF THE SYMBOLIC EDIT DISTANCE
In this section we succinctly present the main elastic measures developed in the literature, from founding work to more recent studies.
The Levenshtein Distance (LD) proposed in 1966 [19] , also known as the edit distance, is the smallest number of insertions, deletions, and substitutions required to change one string into another. For more than thirty years, the ideas behind LD have been largely reused and extended by various research communities. The main contributions are rapidly reviewed below. In 1974
Wagner and Fisher [38] developed a computationally efficient algorithm to calculate LD in O(n.m) using dynamic programming [2] . Meanwhile Dynamic Time Warping, which shares many similarities with LD despite the fact that it is not a metric, was proposed in 1970 [36] and 1971 [34] to align speech utterances, namely time series, with time shift tolerances. The Longest Common Subsequence (LCSS) similarity measure initially defined for string matching [11] has also been adapted for time series matching [6] [37] . Recently, a lot of fruitful research dealing with DTW and LCSS has been carried out to propose efficient computation and pruning strategies that are required to process massive data [37] [14] [40] . Some work has also been conducted to provide the 'triangle inequality' to DTW: the Edit Distance with Real Penalty (ERP) [5] has been proposed as an edit distance based metric for time series matching with time shift tolerance. The edit distance principle has also been proposed to develop 1D-Point-Patterns Matching (PPM) (point patterns are ascending lists of real values) [21] [22] . The measure proposed to match 1D-Point Patterns is shown to be a metric that can be extended to the multidimensional case, at the price of a non polynomial complexity. Hereinafter, we present DTW, ERP and LCSS in light of the edit distance and develop the TWED metrics as an alternative to ERP.
A. Definitions
Let U be the set of finite time series: Similarly to the edit distance defined for string [11] , we define ) , ( B A δ as the similarity between any two time series A and B of finite length, respectively p and q as: 
The recursion is initialized by setting: 
B. The DTW special case
The DTW similarity measure [36] [34] DTW δ is defined according to the previous notations as:
and so for DTW, 
and g a constant in S. According to the authors of ERP [5] , the constant g should be set to 0 for some intuitive geometric interpretation and in order to preserve the mean value of the transformed time series when adding gap samples.
D. The LCSS special case
The Longest Common Subsequence (LCSS) similarity measure has been first defined for string matching purposes [11] and then extended for times series [6] [37]. LCSS is recursively defined in [37] as follows:
For LCSS the match reward is 1, while no reward is offered for insert or delete operations. 
The author [21] shows that PPM δ is a metric that calculates the minimum amount of space needed to delete or insert between pairs of points to convert one point-pattern into another. It can be 
F. Symbolic sequence alignment with affine gap penalty
In biomolecular sequences (DNA, RNA, or amino acid sequences), high sequence similarity usually implies significant functional or structural similarity. The basic mutational processes behind the evolution of such sequences are substitutions, insertions and deletions, the latter two giving rise to gaps. Various similarity models based on dynamic programming have been developed by the bioinformatics community. Among them, the affine gap model [10] [8] that extends the Needleman-Wunsch algorithm [28] should be mentioned. The originality of this model is to penalized gap sequences according to the affine equation
where g is the length of the gap, d is the open-gap penalty and e is the gap-extension penalty. The recursion is given in equation (8): is the best score up to (a p ,b q ), given that b q is aligned to a gap. The previous recursions are initialized as follows: We propose an alternative way of defining of the edit operations for time series alignment which leads to the definition of the new similarity measure TWED. To understand the semantic associated to the edit operations for TWED, we reconsider the editing analogy with strings and suggest some differences. The edit distance between two strings is defined as the minimal transformation cost allowing for the transformation of the first string into the second one. For string edition, a transformation is a finite sequence of edit operations whose associated cost is the sum over the sequence of edit operations of the elementary costs Γ associated to each edit operation. i) The delete-A (delete inside the first time series) operation ( Fig. 1.b) consists of clicking on the dot which represents the sample in A to delete (a' i ) and of dragging and dropping this dot onto the previous sample dot (a' i-1 ). We suggest that the editing effort or cost associated with this delete operation is proportional to the length of vector (a' i -a' i-1 ) to which we add a constant penalty 0 ≥ λ .
A. Graphical Editor Paradigm

Fig 1:
The edit operations in the graphical editor paradigm.
ii) The delete-B (delete inside the second time series) operation ( Fig. 1.c iii) The match operation (Fig. 1.a) This provides the basis for the TWED distance we propose Furthermore, using the graphical editor paradigm, we define the time series matching game as follows: two time series, A and B, are displayed on the graphic. The goal is to edit A and B to completely superimpose the two curves. PF 
The editing process is performed from left to right: if i is an index on the segments of A and j on the segments of B, then the process's initial setting is i=j=1. A match operation will increment i and j simultaneously:
A delete-A operation will increment i only: j  or  i  either  and  j  and  i  iff  )  ,  ,  (  )  ,  ,  (   2  k1  2  k1  2  k1  2  k1  2  2  2  1  1 
Since for each step of the editing game, one of the indices is increased by one while the other is either incremented by one or remains unchanged, all the triplets in the output editing sequence are ordered in increasing order.
Supposing that the game editing process has provided a sequence of edit operations up to i k and Proof of Proposition 1 is given in [25] . 
whenever X and Y have the same length. The proof is given in [25] .
Proposition 3:
γ λ δ , is an increasing function of γ λ and :
The proof is given in [25] .
D. Providing 'stiffness' into
Going back to the graphical editor game we have envisaged that the penalty or cost associated with each edit operation should be proportional to the mouse pointer displacement involved during the edition. If we separate the spatial displacement in S from the temporal displacement in T then we have to consider a spatial penalty that could be handled by a distance measured in S and a temporal penalty more or less proportional to some distance measured in T. By doing so, we could parameterize a distance in between the Euclidian Distance, which is characterized by a kind of 'infinite stiffness', and DTW which is characterized by a 'null stiffness. In practice, we samples. This approximation can be obtained using any kind of solution (from heuristic to optimal solutions), let say the optimal solution similar to the one proposed in [31] . 
Proposition 4:
, where T ∆ is the time difference average between two successive samples inside the piecewise constant segments of the approximation.
The proof of this proposition is given in [25] . 
This last inequality is still potentially useful to design fast and dirty filters dedicated to range query searching for applications for which ' and ' γ λ 
For time series information retrieval applications, inequalities (12) and (13) 
VI. EXPERIMENTATIONS
A. Classification task experiment
To evaluate empirically the effectiveness of the TWED distance comparatively to other metrics or similarity measures, we address a simple classification task experiment. The classification task we have considered consists of assigning one of the possible categories to an unknown time series for the 20 data sets available at UCR repository [16] .
For each dataset, a training subset is defined as well as a testing subset. The classification is based on the simple nearest neighbor decision rule: first we select a training data set containing time series for which the correct category is known. To assign a category to an unknown time series selected from a testing data set (different from the train set), we select its nearest neighbor (in the sense of a distance or similarity measure) within the training data set, then, assign the associated category to its nearest neighbor.
Given a dataset, we adapt the stiffness parameter as follows: we use the training dataset to select the 'best stiffness' (γ) value as well as the best λ value, namely the ones leading to the minimal error rate on the training data, according to a leave-one-out procedure (that consists of iteratively selecting one time series from the training set and then in considering it as a test against the remaining time series within the training set itself).
Finally, the testing dataset is used to evaluate the final error rate (reported in Tab.1 and Tab.2) with the best γ and λ values estimated on the training set. This leads to OTWED, the optimized versions of TWED. The same procedure is used to set up the parameters defined for the other parametric measures, i.e. ODTW and LCSS.
Tab.1 and Tab.2 show the results obtained for the tested methods, e.g. Euclidian Distance on the original time series, optimized DTW with best warping windows (ODTW) as defined in [32] , classical DTW (DTW) with no warping window, Longest Common Subsequence (LCSS) as defined in [37] , Edit distance with Real Penalty (ERP) as defined in [5] and OTWED. In Tab.1
and Fig.3 the time series are not preprocessed, while in Tab.2 and Fig 4. time series are down sampled using an optimal Piecewise Constant Approximation procedure similar as the one described in [31] for polygonal approximation. In this last experiment, each down sampled time series has exactly 50% less samples than the original time series. The sampling rate for the down sampled time series is indeed varies, since the size of the constant segments used to approximate the time series is not generally constant. For ERP and OTWED we used the L1-norm, while the L2-norm has been implemented in DTW and ODTW as reported in [32] . The gap value used in ERP has been set to the distance between the deleted or inserted sample and 0 as suggested by the authors [5] .
Finally, as time is not explicitly given for these datasets, we used the index value of the samples as the time stamps for the whole experiment.
This experiment shows that the TWED distance is effective for the considered task comparatively to ED, DTW, ODTW, ERP and LCSS measures, since it exhibits, on average, the lowest error rates for the testing data as shown in Tab. 1 and Fig. 3 . The gain, on average, is relatively significant: 2.5% against ODTW, 4.7% against LCSS, 3% against ERP, 9.4% against ED and 8.8% against DTW.
The same experiment carried out for down-sampled time series (Tab. 2 and Fig. 4) shows that the error rates drop more than twice as fast for ED, DTW, ERP, LCSS, ODTW than for TWED.
In that experimental context, using time stamps when matching non uniform down-sampled time series seems to be quite effective. available at UCR [16] . This database comprises 23999 time series. The second experiment is carried out from a homogeneous database which is composed only of the Two_patterns dataset available at UCR [16] . This database comprises 5000 time series. For both experiments γ λ and parameters are set constant equal to the intermediate value 01
0. . Figure 5 shows that the FDF performs well for small radius for both databases. The FDF is by an order of magnitude faster than the LS procedure for radius varying from 1 to 4. The FDF matches LS for a radius R in between values 16 and 32. The FDF is performing worse than LS for greater radius, mainly because the inequality (13) does not efficiently apply anymore.
VII. CONCLUSION
From a graphical curve editing perspective and from earlier work on symbolic edit distance and dynamic time warping we have developed an elastic similarity measure called TWED to match time series with some time shifting tolerance. We have proved that the TWED measure is a metric, and as such TWED can be used complementarily with methods developed for searching in metric spaces as potential solutions for time series searching and retrieval applications when time shift tolerance is concerned. The originality of TWED, comparatively to similar elastic measures, apart from the way insertions and deletions are managed, lies in the introduction of a parameter which controls the 'stiffness' of the measure thus placing TWED in between the Euclidian distances (infinite stiffness) and the DTW similarity measure (null stiffness). Moreover TWED involved a second parameter which defines a constant penalty for insert or delete operations, similarly to the edit distance defined for string matching. These two parameters can be straightforwardly optimized for each application or dataset as far as training data are available.
Furthermore, a procedure has been drawn up to lower bound the TWED metric. This procedure consists in approximating the time series using polygonal or piecewise constant approximations.
It takes benefits from the triangle inequality to link the TWED measure evaluated on the approximated representations of time series to the TWED measure evaluated on the original time series. The computational cost reduction of TWED when evaluated in the approximated representation space is quadratic with the compression rate of the approximation. Nevertheless, this kind of lower bound has no linear complexity. Experimentation shows that one can expect to gain an order of magnitude in processing time using a fast and dirty filter based on this lower bound. The search for a lower bound whose complexity is effectively linear and that could be efficiently used in conjunction with down-sampled approximation of time series is still a perspective.
The empirical quality of the distance has been evaluated through a classification experiment based on the first near neighbor classification rule for 20 different datasets. Globally, for this experiment, TWED performs, on average, significantly better than the Euclidian distance and Dynamic Time Warp measure and slightly better than the Longest Common Subsequence measure, the Edit Distance with Real Penalty and the Dynamic Time Warping measure with optimized search corridor size. When the classification experiment is applied to down-sampled time series, TWED is more robust than the other tested measures. This is mainly because the times series are not uniformly sampled in this experiment in which case it is relevant for time stamps. 
